Abstract. Let R be a Koszul algebra over a field k and M be a linear Rmodule. We study a graded subalgebra ∆ M of the Ext-algebra Ext * R (M, M ) called the diagonal subalgebra and its properties. Applications to the Hochschild cohomology ring of R and to periodicity of linear modules are given. Viewing R as a linear module over its enveloping algebra, we also show that ∆ R is isomorphic to the graded center of the Koszul dual of R.
Introduction
Let k be a field and let R = R 0 ⊕ R 1 ⊕ · · · be a Koszul k-algebra, with R 0 = k × · · · × k and with graded radical r = i>0 R i . Let M be a linear Rmodule and let Ext * R (M, M ) be its Ext (or Yoneda) algebra. It is well-known that Ext * R (M, M ) has a bigrading induced from the homological grading and from the internal grading of M . The main goal of this paper is to study a particular subalgebra ∆ M , of Ext (4) In addition, we prove in the last section that if R is a selfinjective algebra over an algebraically closed field and satisfies the Fg finiteness condition, then, the property that all the simple modules are periodic is equivalent to the algebra being periodic when viewed as a module over its enveloping algebra.
Throughout this paper, we only consider graded R-modules that have graded projective resolutions, such that each projective module occurring in the resolution is finitely generated. It is well-known that minimal graded resolutions exist in our situation. We start by recalling some of the basic notation that will be used in this paper. Let M and N be two graded R-modules. By a homomorphism of degree i we mean a module homomorphism from M to N taking M k into N i+k for each integer k. By abuse of language we will use the term "graded homomorphism" for degree zero homomorphisms. Let M be a finitely generated graded R-module and let m ∈ Z. Then M (m) will denote the graded shift of the module M , that is the graded module whose i-th graded piece is M (m) i = M i+m . Similarly, if (P It is well-known that Γ is an associative k-algebra with the multiplication given by the Yoneda product. For the convenience of the reader we recall one way of looking at this product. Let The reader may easily check that the Yoneda product is compatible with this bigrading. Finally, we remark that most of the results in this paper concern Koszul algebras and linear modules, and we recall that a graded R-module generated in degree zero is called a linear module if it has a graded projective resolution such that for each n, the n-th term of the resolution is generated in degree n. So in the case when M is a linear module, this implies that for each nonnegative integer n, we have Ext Proof. Assume that the graded length of M is d, and let x ∈ N M . Then x can be written as a finite sum k 0 j>−k x k,j where
is a product of d + 1 x k,j 's , so as an element in some Ext n R (M, M ), y is represented by a graded map of degree greater or equal to −n + d + 1. By Lemma 2.3, each y = 0 and hence x d+1 = 0.
We have the following slightly more explicit way of describing the subalgebra ∆ M and the ideal N M for a linear module M . First, let r = R 1 ⊕ R 2 ⊕ · · · denote the graded radical of R, and let (P In view of the preceding results we introduce the following definitions. Let R be a Koszul algebra and let M be a linear R-module. We say that a nonzero homogeneous element η ∈ Ext n R (M, M ) is strongly radical, if it is in N M . If in addition, R is finite dimensional, then we call η strongly nilpotent. Note that it is possible to have a nilpotent homogeneous element in Ext * R (M, M ) that is not strongly nilpotent. For instance if we look at the polynomial ring in n variables over a field, and we let M be the unique graded simple module, then Ext * R (M, M ) is finite dimensional and in this case Ext * R (M, M ) = ∆ M , so every element of ∆ M of positive (homological) degree is nilpotent.
We have the following illustration of Proposition 2.2. Viewing a Koszul algebra R as a module over its enveloping algebra R e = R op ⊗ k R, the module R is linear (see [6] for instance), and we get a decomposition of the Hochschild cohomology ring as
Let E R denote the Ext-algebra of R, that is E R = Ext * R (R/r, R/r). Recall also that the graded center of E R is the graded subring Z gr (E R ) generated by all the homogeneous elements u such that uv = (−1) |u||v| vu for every homogeneous element v of E R , where |x| denotes the degree of the homogeneous element x. There is a homomorphism T of graded algebras
given by T (η) = R/r ⊗ R η. Since R is Koszul, the image of this homomorphism is the graded center Z gr (E R ) (see [1] ). Summarizing, we have the following characterization of the graded center of a Koszul algebra:
Theorem 2.5. Let S be a Koszul algebra and let R be its Koszul dual, so
• ) be a linear resolution of R over its enveloping algebra R e , and let ε ∈ N R be homogeneous of degree n. Now, ε can be represented by a matrix [z 1 , . . . , z k ] : P n → R where k denotes the number of indecomposable summands of P n and where each entry z i ∈ r, so it is clear that T (ε) = 0. Therefore we have an induced homomorphism of graded algebras T : ∆ R → Z gr (E R ). By [1] it is clear that this restriction of T to ∆ R is surjective. Now let Q be an indecomposable projective R e -summand of P n . We may write
e where e o v and e w are primitive idempotents in R op and R respectively. If we have a nonzero map η : Q → R(−n) such that η(e o v ⊗ k e w ) = r 0 ∈ R 0 , then clearly R/r ⊗ R η = 0. This clearly implies that the restriction of T to ∆ R is one-to-one.
It has been conjectured in [9] that for a finite dimensional algebra R, the Hochschild cohomology modulo the ideal generated by the nilpotent elements is finitely generated as an algebra over the ground field. This conjecture has been disproved by Xu ([10] ), see also [8] . However, there are many instances where this quotient is finitely generated, to which we add the following result: Proposition 2.6. Let R be a finite dimensional Koszul k-algebra with Koszul dual E R and let N be the ideal of HH * (R) generated by the homogeneous nilpotent elements. Assume that the graded center of E R is a finitely generated k-algebra. Then HH * (R)/ N is also a finitely generated k-algebra.
Proof. Let ∆ R be the diagonal subalgebra of the Hochschild cohomology ring. By Theorem 2.5, ∆ R is isomorphic as a graded k-algebra to the graded center of E R , so ∆ R is also finitely generated. By Proposition 2.2, HH * (R)/ N is a quotient of ∆ R , so the result follows.
We also have the following immediate consequence: Theorem 2.7. Let R be a finite dimensional Koszul k-algebra having the property that its Ext-algebra is commutative, and let N be the ideal of HH * (R) generated by the homogeneous nilpotent elements. Then HH * (R)/ N is a finitely generated k-algebra.
Proof. Assume that S = E R is commutative. If char k = 2, then Z gr (S) = S so the graded center is finitely generated. If the characteristic of k is different from 2, then every element x ∈ Z gr (S) of odd degree is nilpotent with nilpotency index 2. So the graded center of S decomposes as Z gr (S) = S ev ⊕ I where S ev denotes the even degree part of S, and I is a two sided ideal of the graded center generated by nilpotent elements of odd degree. This means that we have an isomorphism of graded algebras between ∆ R modulo the ideal generated by its nilpotent elements and S ev modulo its nilpotent elements. Since S is a Koszul algebra, S ev is finitely generated and the result follows.
The following example shows that we can have nonzero elements in ∆ n M that are nilpotent.
Example 2.8. We show that there are periodic linear modules M with constant Betti number 2 such that there is a nonzero nilpotent element η ∈ ∆ n M . We let R = k x, y / xy − qyx, x 2 , y 2 where 0 = q ∈ k. Let x and y denote the residue classes in R of x and y respectively. Assuming q = 0, R is a special biserial, selfinjective Koszul algebra. We now let
We note that M is four-dimensional with basis
, and t 2 y = 0. We see that M is a string module with shape
Let p : R 2 → M be the map sending (1, 0) t to t 1 and (0, 1) t to t 2 . Viewing M as a graded module generated in degree 0, a minimal graded projective resolution of M is given by
, so M is a periodic linear module with constant Betti numbers equal to 2.
We now define a nonzero nilpotent element η ∈ ∆ n M . Let N be the submodule of M generated by t 2 . We note that M/N ∼ = N . Let η ∈ ∆ 1 M be given by composition of the following maps:
where π is the canonical surjection. The map η : R 2 (−1) → M (−1) lifts as follows:
where l i is given by the matrix
It is clear that η is nonzero and that η 2 = 0.
We end this section with the following observation:
Remark 2.9. Let R be a Koszul algebra, M a linear R-module, and let η : P n M → M be a map representing an element of Ext n R (M, M ) for some n 1 and assume also that the image of η is not entirely contained in the radical of M . This can happen for instance if η is a surjective homomorphism. We claim that in this case, η cannot represent the zero element in cohomology. To see this, assume by contradiction that η factors through P n−1 M . Since the minimal resolution of M is linear, η must then equal a matrix with entries in M r, but on the other hand, by Proposition 2.2, η = η + ε where η is a matrix with entries in M 0 , and ε is a matrix with entries in M r. This implies that η = 0. This contradicts our assumption, and the assertion follows.
Liftings
In this section we present some technical results about consecutive liftings associated with elements of ∆ M and of N M . Let η :
where we view each lifting l i as a matrix with entries in R.
Lemma 3.1. Let R be a Koszul algebra, let M be a linear R-module, and let Proof. Since the image of η is in the radical of M , η is a sum of graded homomorphisms of degrees greater than −n. Without loss of generality we may assume that η is a graded homomorphism of degree s > −n. As d 0 M is of degree zero, the lifting l 0 is also of degree s and can be chosen with entries in r. The degree 0 case is similar.
It turns out that if one of the liftings has its entries in r, or entirely in R 0 , then so do all its successors: (1) Assume that for some i, the lifting l i has all its entries in r. Proof. First the radical case. Consider the following commutative diagram:
are in r 2 and those of the differentials are in R 1 it follows that we may choose l i+1 as a matrix with entries in r. The degree 0 case is similar.
In regard to the second part of the previous result we observe that if the lifting l i has all its entries in R 0 , then there exists in fact a unique lifting l i+1 having all its entries in R 0 since the difference of any two such liftings would have to factor through the radical of P Proof. Since η is nonzero it is clear that the first lifting l 0 = 0 and that we may choose all the other liftings with entries in R 0 . Assume first that η is non-nilpotent. If a lifting l i was zero, then all the successive liftings would also be zero, implying that η must be nilpotent. Let us consider now the situation when R is selfinjective. If one of these liftings was zero, then the previous one would have to factor through its injective envelope hence its entries would not be in R 0 .
We continue with two observations. They hold in the more general context when R = R 0 ⊕R 1 ⊕· · · is a graded k-algebra with R 0 = k×· · ·×k. Assume that g : P → Q is a degree zero homomorphism between two projective R-modules generated in the same degree. Let m and n be the number of indecomposable summands of P and of Q respectively. Then g can be represented as an n × m matrix with entries in R 0 . We have the following: Lemma 3.4. Let k be a field, let R = R 0 ⊕ R 1 ⊕ · · · be a graded algebra with R 0 = k × · · · × k, and let P and Q be two finitely generated projective R-modules generated in the same degree. Let g : P → Q be a degree zero homomorphism that can be represented by a matrix with entries in R 0 . Then we have P = Ker g ⊕ P ′ and Q = Im g ⊕ Q ′ , g| P ′ : P ′ → Im g is an isomorphism, and Q ′ is isomorphic to the cokernel of g.
Proof.
It is enough to prove that the cokernel M of g is a direct summand of Q. Assume not. Without loss of generality we may assume that both P and Q are generated in degree zero. So M is also generated in degree zero. Let P 1 → P 0 → M → 0 be a minimal projective presentation of M . It is clear that P 0 is generated in degree zero and P 1 is generated in degree(s) one and higher. We have the following commutative exact diagram of graded modules and degree zero homomorphisms:
where p is the canonical surjection. Since P 1 is generated in degrees higher than P , the map h 1 is zero, so h 0 factors through M . This implies that d 0 splits so M is projective. The result follows.
We mention without proof the following dual result.
Lemma 3.5. Let k be a field, let R = R 0 ⊕ R 1 ⊕ · · · be a graded algebra with R 0 = k × · · · × k, and let E and I be two finitely generated injective R-modules cogenerated in the same degree. Let g : E → I be a degree zero homomorphism that can be represented by a matrix with entries in R 0 . Then we have E = Ker g ⊕ E ′ and I = Im g ⊕ I ′ , g| E ′ : E ′ → Im g is an isomorphism, and I ′ is isomorphic to the cokernel of g.
We have the following application of 3.4: Proposition 3.6. Let R be a graded algebra with R 0 = k × · · · × k and let f : L → M be a degree zero monomorphism between two non-projective modules L and M generated in the same degree. Then there exist induced degree zero monomorphisms Ωf : ΩL → ΩM and l : P L → P M where P L and P M denote the corresponding projective covers.
Proof. We may assume without loss of generality that both L and M are generated in degree zero. We have the following commutative diagram with exact rows:
Assume that i : Ker l → P L is not zero, and observe that both ΩL and ΩM are generated in positive degrees. By Lemma 3.4, this kernel is isomorphic to a direct summand of P L , hence Hom R (Ker l, ΩL) 0 = 0. This contradicts the fact that the composition f pi = 0. So l is a monomorphism and the Snake Lemma implies that Ωf is also a monomorphism.
As an immediate consequence, we obtain: Proof. Assume that the lifting l j is a monomorphism. This means that the induced morphism f j+1 : Ω n+j+1 M → Ω j+1 M is also a monomorphism so we have the following commutative diagram:
where the lifting l j+k is a matrix with entries in R 0 by Lemma 3.2. Clearly l j+1 = 0 since f j+1 is a monomorphism. By the previous result, l j+2 is also a monomorphism and so is f j+2 . The result follows now by induction.
It turns out that one can use Lemma 3.4 to show that in some interesting cases we have a similar behavior to the one in Proposition 3.7 when one of the liftings is an epimorphism: Proof. Assume that the lifting l j−1 is not onto. Then, by 3.4, its cokernel Q is projective and generated in degree j − 1. We have the following commutative diagram: 
Modules with bounded Betti numbers
In this section we study periodic modules, and more generally, modules with bounded Betti numbers, that is, having complexity one. The set-up is more general than Koszul in the finite dimensional selfinjective case. We start with the following: 
where Ω jn (η) are liftings of η. Since η t is nonzero for all t 1, the homomorphism f t is nonzero for all t 1. Since all the modules Ω jn M are indecomposable, and their lengths are bounded, we infer by the Harada-Sai Lemma that one of the homomorphisms Ω jn R (η) is an isomorphism. That is, Ω (j+1)n M is isomorphic to Ω jn M for some j with 1 j t − 1. Since R is selfinjective, it follows that M is periodic of period dividing n.
Since tensoring a minimal projective R e -resolution of R with R/r yields a minimal projective R-resolution of R/r, it follows that, viewed as an R e -module, R has complexity one if and only if all the simple R-modules have complexity one. The following is a direct consequence of our discussion. Remark 4.3. It would be interesting to know whether a selfinjective algebra R with the property that it has complexity one over its enveloping algebra, is necessarily itself a periodic algebra. Specifically, is the existence of a non-nilpotent element of positive degree in the Hochschild cohomology simply a consequence? Let us assume for a moment that the ground field is algebraically closed. Using geometric methods, Dugas has proved in [3] that if a simple module over a selfinjective algebra has complexity one, then that simple module must be periodic. Hence all the simple modules having complexity one over R, are periodic. In the finite representation case, he also proved in [4] that this is equivalent to the algebra being periodic. Not much is known in the infinite representation case. Note that we also have the following result: "If all the simple modules are periodic, then the algebra is selfinjective" by [7] .
We recall from [7] that if every simple R-module is periodic, and if the base field is algebraically closed, then there exists an automorphism ϕ of R such that the R e -modules Ω n R e R and 1 R ϕ are isomorphic for some integer n 1. We have the following: Now we show there are situations where periodic modules give rise to non-nilpotent elements that are actually in the graded center of their Ext-algebra, and consequently, by 2.5, give rise to non-nilpotent elements in the Hochschild cohomology ring of the algebra itself. Recall that an algebra R satisfies the Fg condition (see [5] for instance), if its Ext-algebra E R is a finitely generated H-module for some commutative Noetherian graded subalgebra H ⊆ HH * (R) with H 0 = HH 0 (R). There is a homomorphism of graded rings γ M : HH Proof. Assume that M is a periodic module. By the above remarks the dimension of the variety of M is one, and there are nonzero homogeneous elements in H of arbitrary large degrees. Let η be a homogeneous element of degree n 1 in the Hochschild cohomology ring HH * (R) represented as a homomorphism η : Ω n R e R → R. We can form the following pushout,
is the start of a minimal projective resolution of R over R e . By [5, Proposition 4.3] , the variety of the module M ⊗ R M η is given by the ideal defining the variety of M and the element η. As in the proof of [5, Theorem 5 .3], we may choose η such that the variety of M ⊗ R M η is trivial. Hence M ⊗ R M η is a projective R-module, again by [5, Theorem 2.5] .
The image of η under the homomorphism γ M : HH
and γ M (η) is contained in the graded center of Ext * R (M, M ) by [9, Corollary 1.3] . Since M ⊗ R M η is projective, the extension γ M (η) is given by the first n terms in a minimal projective resolution of M (and the period of M is a divisor of n). Therefore γ M (η) is a non-nilpotent element in the graded center of Ext * R (M, M ). Consequently η ∈ HH * (R) is also a non-nilpotent element. This completes the proof.
We have the following immediate consequence of our discussion so far: We give now an example showing that the existence of a periodic module M over a selfinjective (even Koszul) algebra R does not necessarily imply the existence of a non-nilpotent element of positive degree in the graded center of its Ext-algebra. Obviously the Fg condition is not satisfied in this case, and the graded center of the Ext-algebra of M is spanned as a vector space by the identity map 1 M .
be the quantum plane, where k is a field and q is nonzero and not a root of unity in k. Let M be the R-module given by the representation
Then R is a selfinjective algebra of dimension four, and M is an indecomposable periodic R-module of period one. As a k-vector space, the endomorphism ring of M , is spanned by the set {1 M , f = ( 0 1 0 0 )}. The homomorphism µ =
and denote the lower exact sequence again by µ. Then, this sequence together with the set {1 M , f } generates Ext * R (M, M ) as an algebra over k. The relations for these generators are f 2 = 0 and µf + qf µ = 0. One can then show that the graded center of Ext * R (M, M ) is just the one dimensional k-space spanned by 1 M . Our next aim is to describe another setting where having non-nilpotent elements in the Ext-algebra of a simple module implies the existence of non-nilpotent elements of positive degree in the Hochschild cohomology ring of the algebra. We start with the following preparatory result. Proposition 4.9. Let S be a graded algebra such that S is a finitely generated module over Z gr (S). Assume that S 1 has a non-nilpotent element. Then there exists a non-nilpotent element in Z gr (S) 1 .
Proof. Let {f 1 , . . . , f n } be a finite set of homogeneous generators for S as a module over Z gr (S). Let m = max{deg(f i )} n i=1 . Let z be a non-nilpotent element in S 1 . Choose t such that deg(z t ) > m. Then
for some x i in Z gr (S) with all the nonzero x i in Z gr (S) 1 . Then for each j 1, we have z tj = 0 and it can be written as
where w i1,i2,...,in (f 1 , . . . , f n ) are linear combinations of words over Z in the set {f 1 , . . . , f n }. Since j can be arbitrary large, it follows that there exists some k such that x k is non-nilpotent in Z gr (S) 1 . This completes the proof.
Letting S = E R be the Ext-algebra of R, the next result follows immediately, using the fact that there is a surjective homomorphism from the Hochschild cohomology ring of a Koszul algebra R onto the graded center of the Koszul dual E R . We return now to the case where R is a Koszul algebra. Let M be an indecomposable linear module over R. We have seen in Proposition 3.7 that if n 1, and if η : P : Ω n+m+1 M → Ω m+1 M is also a monomorphism of degree −n for m j. We have for each k 1, chains of monomorphisms of degree −n given by our liftings: In the finite dimensional case, the result is now obvious, so we prove the general case.
To show eventual periodicity, we only need to look at the number of indecomposable summands of the projective modules involved to see that there exists a positive integer n 0 such we have an isomorphism P T → T → 0 be linear projective resolutions of S and T , respectively. Let η be a nonzero element in Ext n R (S, T ). Note that η ∈ ∆ n (S, T ) since T is a simple module. We can represent η as a homomorphism denoted again by η : P n S → T , and let l i : P n+i S quiver Q must be A m for some m 1 and there is a relation starting at each vertex. Since all relations are quadratic, they are generated by all paths of length 2. Consequently, R ∼ = k A m /J 2 for some integer m 1, where J is the ideal generated by the arrows. It is easy to see that all the simple modules have period m in this case.
